The coherent propagation of four optical pulses through a multilevel resonant medium is investigated theoretically. We present a self-consistent analytic solution without steady-state or adiabatic approximations and use numerical simulations to indicate that the analytic formulas can be used as a guide in an experimental setting. © One can also consider a contrasting regime of lambda-medium effects in which two fields are injected, both as short pulses. Narrowband state dressing is then not possible, nor is cw dispersion management, but this regime may have advantages in different contexts, e.g., if the ability to induce rapid switching via one or both fields is important. However, few proposals exist for this regime, because short pulses introduce both experimental and theoretical complications. The presence of two pulses requires that both must be propagating, with no steady-state or adiabatic aspects associated with either one. Among points of interest in this case are several open questions regarding control. The one addressed theoretically here is whether, in complex multipulse situations, analytic formulas can be found to guide experimental exploration. Such formulas can have great value in intricate scenarios where pulsemedium control is the goal.
The discovery of electromagnetically induced transparency (EIT) [1] has prompted widespread attention to a variety of applications in which two fields are injected nearly simultaneously into and through absorbing lambda-type media having two connected near-resonant transitions. Such a scenario is one in which many options for quantum control have been explored. One goal, well-demonstrated experimentally [1] , is transparency of a weak field in an absorber. This can be managed by having a second strong quasi-cw field induce a steady-state dressing of a connected transition, thus modifying the medium to provide control of its dispersive and absorptive parameters for the weak field.
One can also consider a contrasting regime of lambda-medium effects in which two fields are injected, both as short pulses. Narrowband state dressing is then not possible, nor is cw dispersion management, but this regime may have advantages in different contexts, e.g., if the ability to induce rapid switching via one or both fields is important. However, few proposals exist for this regime, because short pulses introduce both experimental and theoretical complications. The presence of two pulses requires that both must be propagating, with no steady-state or adiabatic aspects associated with either one. Among points of interest in this case are several open questions regarding control. The one addressed theoretically here is whether, in complex multipulse situations, analytic formulas can be found to guide experimental exploration. Such formulas can have great value in intricate scenarios where pulsemedium control is the goal.
Real media will always contain more than one or two nearby transitions, and multilevel, multipulse contexts have received some experimental and theoretical attention [2, 3] . Here we proceed in the context of media with entwined lambda and V levelconnections, the system shown in Fig. 1 . The name "X atom" is a shorthand for such a configuration, whose selection rules and level arrangements are found, for example, in alkali D-line transitions; the P 1/2 and P 3/2 manifolds would be our levels 3 and 4, and the F =1,2 hyperfine levels of S 1/2 would be levels 1 and 2. We assume no initial excitation of the upper levels, but in principle such media may have no coherence, full coherence, or partial coherence between the two lowest almost-degenerate levels. We focus here on the first case, appropriate to thermal excitation, for example. A simplification generally customary in searching for exact analytic multipulse formulas is to take the propagation constants equal for all fields, which we adopt. We also take the durations of all four pulses short enough to neglect homogeneous relaxation. Neither of these conditions will be exactly met in actual media.
We assume that the laser fields shown in Fig. 1 are linearly polarized and can be written in complex envelope-carrier form,
where k a = a / c and a is the field frequency addressing the 1-3 transition. It is most convenient to treat the field evolution through its complex Rabi frequency ⍀ a ϵ͑2d 31 / ប͒E a , where d 31 is the dipole transition matrix element. Similar notation applies to the other laser fields and their Rabi frequencies. Each is assumed to address a single atomic transition, as in the figure, and the equal-detuning feature of EIT is retained. Under the rotating wave approximation, and using the |1͘, |2͘, |3͘, |4͘ basis indicated in the figure, the medium evolves under the pulses according to the four-level density matrix, which satisfies the von Neumann equation
where the Hamiltonian for a typical X atom can be written in matrix form as 
.
͑3͒
The propagation of each field is governed by the Maxwell wave equation which, under the slowly varying envelope approximation, becomes
where the brackets denote an average over a distribution of detunings, to account for inhomogeneous broadening whenever required: ͗… . ͘ϵ ͐F͑⌬͒͑… . ͒d⌬. We will denote the inhomogeneous lifetime by T 2 * . In Eqs. (4) a Z derivative appears alone because we use the traveling wave coordinates T = t − z / c and Z = z. Also, the generic propagation constant is given by = Nd 2 / ⑀ 0 បc, where N is the density of atoms. Our approach to formulas for exact four-pulse solutions will be via the Bäcklund transformation method of Park and Shin [4] . We first recast the field equations in terms of the Hamiltonian, which is done by introducing a constant 4 ϫ 4 matrix W with only two nonzero elements: W 33 = W 44 = i. This allows the slowly varying equations (4) to be written in commutator form,
The Bäcklund solution method proceeds from a "seed" solution, which may even be trivial. In our case such a solution is given by zero values for the fields,
and only the ground levels are occupied, 11 ͑T , Z͒ = ␣ 2 and 22 ͑T , Z͒ = ␤ 2 , where ␣ 2 + ␤ 2 = 1. To be definite, we take ␣ 2 Ͼ ␤ 2 . With this seed we find Z , T-dependent exact solutions for the Rabi frequencies that can all be written in terms of a common "universal" Rabi frequency ⍀͑Z , T͒ as ⍀ a ͑Z,T͒ = cos u e −␣ 2 ͑+i␦͒Z ⍀͑Z,T͒, ͑6a͒
⍀ c ͑Z,T͒ = cos u e −␤ 2 ͑+i␦͒Z ⍀͑Z,T͒, ͑6c͒
The universal ⍀ can be written compactly if we define e −2D͑Z͒ ϵ e −2␣
2 Z + e −2␤
2 Z . Then we have
For pure lambda media the u parameter is merely a phase [5] , but in the X case u has a physical role in controlling the relative amplitudes of a -c versus b -d pulses. Note that the Z-dependent exponential factors in Eqs. (6) could be combined with the original carrier wave, where they would provide complex indexes of refraction for absorbers with different ground-level populations. We have defined
and the 1 / term in the denominator here is an effective surrogate for homogeneous linewidths. Note that the coordinate origin Z = 0 has a physical significance. Independent of T, it identifies the point where ⍀ a = ⍀ c and ⍀ b = ⍀ d . This can be an important control factor. It means that the location where the dark state [6] [7] [8] effectively "turns on" is identified for all T.
That is, one can show that the dark-state population increases from its minimum value where Z is large and negative to its maximum where Z is large and positive, and Z = 0 is the point at which exactly half of the population is in the dark state. Additionally, the factor exp͓−2͑␣ 2 − ␤ 2 ͒Z͔ gives the ratio of a and c field intensities at the distance Z from the zero point. By controlling this ratio when injecting the pulses, one effectively controls the depth in the medium at which one will find the dark-state transition.
There are several further points to note. First, the complicated evolution implied by the exact solutions can be broken down into three distinct regimes, I, II, and III, and within each regime the behavior can be described relatively simply [5, 9] . In regime I ͑−Z , −T / ӷ 1͒, pulses ⍀ a and ⍀ b have sech form asymptotically, and pulses ⍀ c and ⍀ d approach zero amplitude. In regime II the complicated interaction process begins to convert pulses ⍀ a and ⍀ b into pulses ⍀ c and ⍀ d , which asymptotically become sech pulses in regime III ͑Z , T / ӷ 1͒. Second, the pulse velocities are not identical if ␣ ␤, as we have assumed. The group velocity of the main pulses in regime I is v g = c͑1 + ␣ 2 ͒ −1 , and this can differ substantially from the group velocity v g = c͑1+␤ 2 ͒ −1 characteristic of regime III. Third, the pulse conversion in regime II is a feature not present in the Hioe solutions [10] , which are of pure simulton character [11] and consequently have equal pulse velocities.
It turns out that the analytic solutions imply a set of pulse constants via the pulse areas ͑Z , T͒. These are defined for each pulse by a time integration over the entire pulse. This gives them the valuable property of independence of specific pulse shape: a ͑Z͒ ϵ ͉͐⍀ a ͑Z , T͉͒dT, etc., and we have the following results:
That is, the exact-solution areas have predictable values at positions Z in the medium. Surprisingly, and even more usefully, there are physical combinations of these areas that do not even depend on Z. These combinations are
Equations (10a) and (10b) are new expressions, while the total area ⌰ is reminiscent of the fixed total area already discovered [5, 9] for lambda media. The new expressions predict separately fixed subareas for the two underlying and interacting lambda subsystems, suggesting new possibilities of light-light control. Numerical solutions of the coupled light-matter equations for pulses that are injected with shapes substantially different from the exact solution pulses can be used to test the relevance of the exact solutions' properties as experimental guides for nonideal situations, where analytic formulas cannot be derived. The result of such a test is positive, as shown in Figs. 2 and 3 . We injected four pulses with different amplitudes and areas and shaped as quartic exponentials rather than sech. The initial areas translate via the analytic formulas into predictions for final areas 1 = 1.56, 2 = 1.24, and of course ⌰ =2. The agreement with the predictions is excellent, as Fig. 2 shows.
In addition, from the ratio of the initial injected pulse areas, a / c = 11, we derive a prediction for the equality ⍀ a = ⍀ c to occur after the pulses propagate four absorption depths. As Fig. 3 shows, the actual evolution matches this prediction to within 10%, also very satisfactory given the substantial shape modifications the pulses undergo.
To summarize, we have presented new exact solutions to nonlinearly combined pulse evolution equations. This was done in the regime of pulses sufficiently short to prevent the use of adiabatic or steady-state approximations and to allow fully coherent pulse interactions with the propagation medium. We found new constants of motion in the form of a total asymptotic four-pulse area ⌰, which had been anticipated for lambda media [5, 9] , as well as unexpected new constant subareas 1 and 2 . We tested the solutions for suitability as semiquantitative guides for experimental exploration by solving the four-pulse evolution equations for pulses injected with substantial variations from the exact formulas in both shape and area. The equal-Rabi frequency condition located the dark state transition point at Z = 0 with 10% accuracy, and the area predictions were obeyed essentially exactly. Fig. 2 , is shown by focusing on pulses a and c. The analytic formulas predict that the Rabi frequencies will be equal at Z Ϸ 0.
